Its indicator function ψ Ω on X × Y (equal to 0 on Ω, and to +∞ otherwise) is quasi-concave-convex; it is marginally u.s.c./l.s.c., but not u.s.c./l.s.c. f (x , y ).
Then f +− and f −+ are quasi-concave-convex and marginally u.s.c./l.s.c.
Minimax Theorem. Let X, Y be nonempty convex subsets of real separated locally convex topological vector spaces such that either X or Y is finitedimensional and compact.
Then every quasi-concave-convex, marginally u.s.c./l.s.c. function on X × Y has a saddle value.
The proof of this Minimax Theorem requires additional terminology, some well known elementary properties of multifunctions and two preparatory lemmas. Let A, B be two sets and Γ be a multifunction from A to B, denoted by A B. If Γ is another multifunction from A to B, the inclusion Γ ⊂ Γ means "Γx ⊂ Γ x, for every x ∈ A". If A and B are convex sets, then Γ is said to be concave-convex whenever the values of Γ are convex and, for every y ∈ Y , the set {x ∈ X : y ∈ Γx} is convex (see [2] ).
Moreover, if A and B are topological spaces, the multifunction Li Γ : A B, called the Kuratowski lower limit of Γ, is defined for every x ∈ A by Li Γx = {y ∈ B : for every neighbourhood V of y, there is a neighbourhood U of x such that for every x ∈ U the sets Γx and V intersect}. 
For every pair of convex subsets C, D of a separated topological vector space for which C ∩ int D = ∅, one has the known equality
Therefore, by combining (ii) and (iii), the multifunctions
are lower semicontinuous. Now, to show that Γ is lower semicontinuous, pick an x 0 ∈ A H , a y 0 ∈ Γ x 0 and an open convex neighbourhood V of y 0 . We must find a neighborhood U of x 0 such that, for every
by the lower semicontinuity of the multifunctions Γ 1 and Γ 2 , there is a neighborhood U ⊂ A H of x 0 such that, for every x ∈ U ,
Now, using the fact that V ∩ Γx is convex and that H = H − ∩ H + , from (vi) it follows that, for every x ∈ U , V ∩Γx∩H = ∅. This shows the lower semicontinuity of Γ . Obviously, the values of Γ are nonempty.
The following lemma is an immediate consequence of [2, Theorem 2.5].
Lemma 2. Let X be a convex subset of a real topological vector space and let Y be a compact convex subset of a real locally convex topological vector space.
If Ω : X Y is a lower semicontinuous concave-convex multifunction with nonempty values then x∈X Ωx = ∅.
Proof. By virtue of [2, Theorem 2.5] we need only verify that, for every x ∈ X, Li Ωx = ∅. This is a consequence of the nonemptiness of the values of Ω and of the lower semicontinuity of Ω which amounts to "Ωx = Li Ωx, for every x ∈ X". Intersection Theorem. Let X be a convex subset of a real locally convex topological vector space and let Y be a compact convex subset of R n . Let Y defined by Ω x := Ωx∩B 0 is lower semicontinuous and has nonempty values. Since X is a convex subset of a locally convex topological vector space, we can suppose that U 0 is convex. Then, since Ω is concave-convex, by Lemma 2, one obtains x∈U0 Ωx ∩ B 0 = ∅. Now, pick y 1 ∈ x∈U0 Ωx ∩ B 0 . Since y 0 ∈ B 0 and y 0 ∈ x∈X Ωx, we have Hence, by the definition of ∆ B , we have B ∩ x∈U0 ∆x = ∅. Since x∈U0 ∆x is a closed set and B is an arbitrary open ball centered at y 0 , it follows that y 0 ∈ x∈U0 ∆x. Finally, since x 0 ∈ U 0 , we have y 0 ∈ ∆x 0 . This completes the proof of the theorem.
Proof of the Minimax Theorem. Without loss of generality, assume that Y is finite-dimensional and compact. Let f : X × Y → R be a marginally u.s.c/l.s.c. quasi-concave-convex function. Since inf Y sup X f ≥ sup X inf Y f , it is enough to prove that, for every real number r > sup X inf Y f , the inequality r ≥ inf Y sup X f holds. Therefore, let r > sup X inf Y f and consider the multifunctions Ω, ∆ : X Y defined by (2) Ωx = {y ∈ Y : f (x, y) < r} and ∆x = {y ∈ Y : f (x, y) ≤ r}.
Observe that, by (2) , Ω ⊂ ∆. For every open subset U of X, x∈U ∆x = {y ∈ Y : sup x∈U f (x, y) ≤ r} is closed, because f is marginally u.s.c./l.s.c. The multifunction Ω is lower semicontinuous, since, for every open set V in Y , the set {x ∈ X : Ωx ∩ V = ∅} = {x ∈ X : inf y∈V f (x, y) < r} is open, because f is maginally u.s.c./l.s.c. Since r > sup X inf Y f , the values of Ω are nonempty. Moreover, f being quasi concave-convex, the multifunction Ω is concave-convex. Hence, from the Intersection Theorem it follows that x∈X ∆x = ∅; that is, there is y 0 ∈ Y such that, for every x ∈ X, f (x, y 0 ) ≤ r; thus r ≥ inf Y sup X f . This completes the proof.
